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The importance of set theory can hardly be overestimated: from its first development by
Cantor and Zermelo, to the most recent results, set theory has always been seen as providing a
foundation of all of mathematics. And this is for an important reason: we can actually model
and develop all mathematics in set theory. That is, we can use the language of set theory to
formalize the whole of mathematics. However, while set-theory is usually identified with its
standard axiomatisation, ZFC, it is highly unclear whether such an axiomatisation adequately
captures our conception of sets, and indeed what exactly such a conception is. The seminal
work of Zermelo first suggested a ‘cumulative’ conception of set theory, according to which sets
are constructed in stages and form a v-shaped structure, the universe of set theory V . However,
from the sixties onwards it became clear that some propositions in the language of set theory
cannot be proved from the canonical axioms of ZFC — the Continuum Hypothesis (CH), a
central set-theoretic claim, being a case point. Together with Gödel’s First Incompleteness
Theorem, according to which systems much weaker than ZFC cannot decide all the sentences
of their language, if consistent, the independence of CH from ZFC strongly suggested that the
usual set theory was inadequate as it stood. Whence the quest for finding an adequate extension
of ZFC started: new axioms were proposed, but none of them was stably accepted as part of set
theory. The reason is that several such new axioms are mutually exclusive: choosing one implies
that all the results proved under an incompatible axiom can no longer be proven. This led to
competing “set theories”, and to the necessity to develop a formal methodology to compare the
axiom candidates. At present, none of these theories is accepted as the “new” set theory.

One of the most recent development considers set theory (and hence mathematics) not as
a unique, single universe, but as a multiverse.1 That is, the thought goes, all the competing
theories are all description of various universes inside the multiverse, and set theory, now taken
in a broader sense, is the study of such a multiverse.

Our understanding of the multiverse is still very partial, however. While several philosoph-
ical considerations militate in favour of a multiverse approach (for instance, it is sometimes
advocated on the grounds that it allows a more precise characterization of independence re-
sults), it is not fully clear what the multiverse actually is, since its very nature changes together
with the various philosophical assumptions that are made to justify its very existence. From
a mathematical point of view, the possible multiverses can be classified according to their hi-
erarchical character, or lack thereof. At one extreme we have the broad multiverse, with no
hierarchy at all; at the other the vertical multiverse, with a very strong hierarchy2. From a
more philosophical point of view, one can also consider their ontological commitments. A realist
multiverse is committed to the existence of its own universe, an anti-realist one isn’t. There-
for, we can have a realist and an anti-realist broad multiverse, or a realist and an anti-realist
vertical multiverse.3 Thus, rejecting the standard cumulative conception of set-theory, or any

1See, for a general account, [1].
2For a detailed account of the broad multiverse refer to [11].
3For some details on this classification see [15].
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conception of sets according to which there is a single universe of sets, by no means settles the
question concerning the nature and justification of the multiverse.

My project is devoted to the justification of one particular type of multiverse, the generic
multiverse with a core (GMH from now on), developed by John R. Steel (in [23]), from a
naturalist point of view. Naturalism in philosophy of mathematics is a methodological approach,
which recommends considering mathematical practice as the ultimate arbiter of all questions
regarding the philosophy of mathematics. For example, if mathematicians say that natural
numbers exist, then natural number exist; if mathematicians use the Axiom of Choice, then
any set theory worth its salt should contain it; and so on. In our case, this means justifying
the GMH with particular attention to mathematical practice: if it turns out to be better for
mathematical practice, then it should be adopted.

In order to meet this goal we need, first of all, a mathematical characterization of the GMH .
Intuitively, the GMH lies in a middle-ground between the broad multiverse and the vertical
multiverse: it does not feature a strong hierarchy as the vertical multiverse, but it provides a
criterion to choose between universes (by contrast, the broad multiverse provides no criterion
at all). This is the existence of a core: a set of truths that is common to all the universes.
Only after having fully developed this mathematical framework can we be in a position to
philosophically assess it, and to make progress in the quest for discovering the true nature of
sets.

My project is therefore interdisciplinary in its core: the philosophical goal is based on
mathematical results and arguments. From a philosophical point of view this means integrating
naturalism and pluralism in philosophy of mathematics. More specifically, my goal is to justify a
pluralist conception of set theory (namely, the multiverse GMH) from a naturalist point of view,
using the main naturalistic principles developed by Penelope Maddy4: MAXIMIZE and UNIFY.
MAXIMIZE asserts that we should prefer a theory that allows us to prove more isomorphisms.
According to UNIFY, the theory we are analyzing should be foundational. Both principles are
naturalistically desirable: MAXIMIZE provides us a theory that is powerful enough to be a
Generous Arena where studying and analyzing all mathematical objects and methods, while
UNIFY assures us that this theory is still a possible foundation for mathematics. But since these
two principles must be applied to a precise mathematical structure, we first need to characterize
and analyze the GMH with a core from a mathematical point of view. To do so we will exploit
Axiom H in a way that forces the multiverse to be as we need it to be. More specifically, Axiom
H implies the existence of the multiverse’s core, and hence gives the multiverse a very precise
shape: from a common core, composed by a minimal set theory common to all the universes,
we get branching alternative universes, that extends this core to every direction. I will argue
that such a characterization satisfies both MAXIMIZE and UNIFY, and that is indeed does so
– pace Maddy – to a better degree than the standardly accepted ZFC. In turn, this strongly
suggests that that the GMH provides the most adequate framework for mathematical practice:
a framework that is foundational — that allows to model all present mathematics — and that
maximizes the number of possible isomorphisms.

This work is needed and novel since, at present, no consensus has been reached, among
philosophers and set-theorists, on the question which set-theoretic universe (and theory) is
better suited for mathematical practice. Some such universes have been extensively studied,
but they all still have the same status: competing theories without any real advantage over
the others. This project is mainly devoted to settling this debate, arguing that the multiverse
conception, as captured by the GMH , is the best one both for set theory and mathematical
practice.

4For a detailed description of these two principles, see [16] and [17].
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